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Ž .Let N,  be a probability measure space, and, for almost every  N, let T be
Ž . a sublinear operator of weak type 1, 1 and bounded in L , both with norm less
than or equal to 1. The purpose of this work is to study modular inequalities for
operators of the form
 Tf x  T f x d  .Ž . Ž . Ž .H 
N
 2001 Academic Press
1. INTRODUCTION
Ž .Let M ,  be a -finite measure space and let T be a sublinear
operator defined in a subspace L of the set of -measurable functions on
Ž . Ž .M. Then, if T is of weak type 1, 1 and strong type , , both with norm
less than or equal to 1, we shall say that T is a normalized operator.
Ž .Now let N,  be a probability measure space, and, for almost every
 N, let T be a normalized operator. Let us consider the averaging
operator
 1 Tf x  T f x d  .Ž . Ž . Ž . Ž .H 
N
This type of operator appears very often in many areas of analysis. Say,
for example, in the context of singular integral operators, if
 yŽ .
T f x  p.v. f x y dy ,Ž . Ž .H NN  y
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1Ž .where  is an odd homogeneous function in L  , thenN1
T f x  H f x   d ,Ž . Ž . Ž .H 
N1
Ž  .where H is the unidirectional Hilbert transform see 9 , or in the study
Ž  .of maximal rough operators see 5, 6 ,
1
 M f x  sup  y f x y dy ,Ž . Ž . Ž .H Nr  yrr0
Ž .where the weak type 1, 1 boundedness is still an open question under the
1Ž .condition  L  .N1
The purpose of this work is to obtain modular estimates for this type of
Ž . Ž .operator. We say that Q: 0,  0, is a modular function if Q is an
Ž .increasing function such that Q 0  0, and, given two modular functions
Ž .P, Q, we say that an operator T satisfies a P, Q modular inequality if
   P Tf x d x  Q f x d x .Ž . Ž . Ž . Ž .Ž . Ž .H H
M M
  Ž  .In 3 see also 8 , it was proved that in this setting of modular
inequalities, if T is normalized and P and Q are two modular functions
such that
P yŽ .t
2 P t 	 t dyQ t ,Ž . Ž . Ž .H 2y0
then T satisfies the modular inequality
   3 P Tf x d x  2 Q 2 f x d x .Ž . Ž . Ž . Ž . Ž .Ž . Ž .H H
M M
Ž .We cannot expect that an averaging operator satisfies 3 for every
Ž . Ž . Ž  .P, Q satisfying 2 , since in general it is not normalized see 7 .
Ž . Ž . Ž .However, if P, Q satisfies 2 and P is convex, Jensen’s inequality and 3
give us
   P Tf x d x  P T f x d x d Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H H H 
M N M
  2 Q 2 f x d x .Ž . Ž .Ž .H
M
That is,
   4 sup P Tf x d x  2 Q 2 f x d x .Ž . Ž . Ž . Ž . Ž .Ž . Ž .H H
M MPI 
Q
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Ž . where  is the cone of convex functions in 0, and I  P; P satisfiesQ
Ž .42 .
The purpose of this paper is to obtain modular extrapolation-type
estimates from this kind of inequality.
Ž .We shall say that T is an averaging-type operator if T satisfies 4 . The
technique developed in this paper can be applied to more general opera-
Žtors. For example, it can be applied to an operator T not necessarily
. Ž .sublinear satisfying 4 for a particular modular function Q or for a
subcollection of functions f. It can also be applied with obvious changes to
the case of an operator of the form
1	
	 Tf x  T f x d  ,Ž . Ž . Ž .H ž /N
with 	 0. However, we shall concentrate on the case of averaging
operators.
As usual, f g will indicate the existence of a universal positive
Ž .constant A such that 1A f g Af , and we say that the functions f
Ž .and g are equivalent. An increasing positive function f such that f t t is
Ž  .decreasing is called quasi-concave, and it is known see 1 that it is
Ž .equivalent with constant A 2 to a concave function. Finally, a function
G satisfies the 
 condition if there exists a positive constant C such that2
Ž . Ž .G 2 t  CG t .
2. SOME LEMMAE AND PREVIOUS RESULTS
DEFINITION 2.1. Given a modular function Q, I is the set of allQ
Ž .modular functions P satisfying 2 or, equivalently, satisfying
dP y Q tŽ . Ž .t ˜ Q t .Ž .H y t0
One can very easily see that without loss of generality we can assume
˜that Q is increasing.
Ž .In this section, we want to identify the left-hand side of 4 . To do this,
let us observe that if  is the cone of convex functions and P, then
Ž . y Ž .P y  H p y dy, where p is an increasing function, and hence0

 sup P g x d x  sup  y p y dyŽ . Ž . Ž . Ž .Ž .H H g
M 0tPI 
 ˜Ž Ž . . Ž .Q H p y y dyQ t , P0

 sup y y s y dy .Ž . Ž .H g
0t ˜Ž . Ž .H sQ t , s y y0
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To study the above supreme, we have to give some previous results
concerning quasi-convex functions.
As in the definition of quasi-concave functions, we say that a function
Ž . Ž . Ž .G s is quasi-convex in 0, if and only if G s s is an increasing
function. Contrary to what happens with the cone of quasi-concave func-
Ž  .tions see 1 , it is not true that every quasi-convex function is equivalent
Ž .with universal constants to a convex function. However, the following
result holds:
Ž .LEMMA 2.2. If G is a quasi-conex and continuous function on 0, ,
there exists an increasing function g such thatinc
t t1 g s2 dsG t  g s ds.Ž . Ž . Ž .H Hinc inc2
0 0
In particular, if G satisfies the 
 condition, then2
t
G t  g s ds.Ž . Ž .H inc
0
 Ž . 4 Ž .Proof. Let a inf s 0; G s  0 . Then, by continuity, G a  0,
and it is obvious that under the hypotheses on G,
G : a,  0,Ž . Ž .
Ž .is a bijective function. Hence, for every t a, G t t is increasing, and,
1Ž . 1therefore, G s s is decreasing for every s 0. Consequently, G is a
Ž . Ž .quasi-concave function such that it is bijective from 0, onto a, .
Thus, there exists a bijective concave function  satisfying
1 1 s G s  s ,Ž . Ž . Ž .2
Ž . 1Ž . Ž . Ž . 1equivalently, G t2  t G t , for every t 0 . Since  is
Ž Ž . . Ž .increasing, convex, and bijective from  0 , onto 0, , we have that
1Ž . tthere exists an increasing function , such that  t  H , for every Ž0.
Ž . Ž . Ž . t Ž .t 0 . Let  s  0 for every s 0 . Then H G t , for every0
Ž . t Ž . Ž .t 0, and G t2  H , for every t 0 . But if t 0 , t2 a,0
Ž . Ž . tand hence G t2  0. Therefore G t2  H  for every t 0. Now0
Ž . Ž .taking g s  2 2 s , we obtain the result. The last part of the lemma isinc
obvious.
Ž .Let now f be a locally integrable positive function on 0, and let
Ž . tF t  H f. Then, it is immediate that if0
F tŽ .
5 lim  ,Ž .
tt0
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the least quasi-convex majorant of F exists, and it is given by
F sŽ .
M F t  t sup .Ž . Ž .qconv s0st
	 Ž Ž ..Then, there exists a partition of   E  a , b such thatj j j
F t if t EŽ .
 F aŽ .jM F t Ž . Ž .qconv t if t a , b ,Ž .j j aj
Ž . Ž .with F a a  F b b . If a  0,j j j j 0
F a F t F bŽ . Ž . Ž .0 0 lim  .
a t bt00 0
From this decomposition we have the following lemma.
tŽ . Ž .Ž .LEMMA 2.3. If 5 holds, M F t  H f , whereqconv 0
f t if t EŽ .
 F aŽ .jf t Ž . if t a , b .Ž .j j aj
Proof. We obviously have that
F aŽ .t j
f f	 b  a 	 A ,Ž .ÝH H j j kaŽ 0 E
 0, t jj; btj
Ž . Ž Ž . .Ž . Ž .where A  0 if t a , b and A  F a a t a if t a , b .k k k k k k k k k
Thus,
t
f f	 F b  F a 	 A .Ž .Ž .Ž .ÝH H j j k
Ž 0 E
 0, t j ; btj
t b jNow, if t E, then the last term is zero and H f H f	Ý H f0 E
 Ž0, t  j; b  t aj jt Ž . Ž .Ž . Ž . H f F t M F t , and, if t a , b , then0 qconv k k
bjf	 f F a  0,Ž .ÝH H k
Ž E
 0, t a jj; btj
t Ž Ž . . Ž .Ž .and, hence, H f F a a tM F t .0 k k qconv
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Ž .By Lemma 2.2, if F satisfies 5 , there exists an increasing function finc
such that
t t t1 f s2 ds f f s ds,Ž . Ž .H H Hinc inc2
0 0 0
and if F satisfies the 
 condition, then2
t t
f f s .Ž .H H inc
0 0
Also, observe that
1 1 F s F tŽ . Ž .t t
 f  sup f  sup f sup sup  sup . H Hinc inct t s t0 0t0 t0 t0 0st t0
Notation. In what follows, given a positive locally integrable function f
Ž .such that F satisfies 5 , f and f will denote respectively the functionsinc
constructed above. And, given an arbitrary function h, we shall write
	Ž . Ž y. Ž . Ž y .h y  h e and h y  h e .
Let us now study the supreme we are interested in:

6 A sup s y w y dy .Ž . Ž . Ž .H
0t ˜Ž . Ž . Ž .H s y dyQ t , s y y0
Ž .Remark 2.4. 1 Obviously A 0 if the set under the supreme con-
˜tains only the function s 0. So, we shall assume that Q is such that
t ˜  4E s y dyQ t , s y y  0 .Ž . Ž . Ž .H½ 5
0
Ž .In this case, let s E and let y  0 such that s y  0. Then, since0 0
Ž . Ž .s y y s y y , for every y y , we get that there exists C 0 such that0 0 0
Ž .s y  Cy for every y y and, therefore, for every t y ,0 0
y yt t0 0
Q˜ t  s y dy s y dy	 s y dy s y dy	 C log ty .Ž . Ž . Ž . Ž . Ž . Ž .H H H H 0
0 0 y 00
In the rest of this work and for simplicity, we shall work with increasing
˜functions Q such that
Q˜ tŽ .
7 inf  1.Ž .
log tt1
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˜ tŽ . Ž . Ž .2 If Q t  H q with q y y an increasing function, then it is˜ ˜0
obvious that

A q y w y dy ,Ž . Ž .˜H
0
and if, in addition, w is decreasing, then the distribution formula for
decreasing functions ensures that the above inequality is, in fact, an
equality.
The problem arises when the above condition on Q is not fulfilled.
Let us now write
1
A sup s y w y dy	 sup s y w y dy I	 II.Ž . Ž . Ž . Ž .H H
0 1sE sE
Estimation for I. To estimate I, we first need four steps that we shall
write in four lemmas.
 ˜Ž .    Ž . 4LEMMA 2.5 Step 1 . Let S f , f  1, H fQ t , t 0 . t
Then

I sup f z w z dz .Ž . Ž .H
0fS
Proof. Let us first make the change of variables y ez. Then
1 8 I sup s y w y dy sup f y w y dy .Ž . Ž . Ž . Ž . Ž .H H
 0 0sE ˜Ž . Ž .H f y dyQ t ,  t , f t
Now, if f belongs to the set under the supreme, then, for every t 0,
1 0 ˜Ž . Ž . Ž . Ž . Ž .f 0  H f s dsQ t t, and, therefore, by 7 , f 0  1. Hence,tt

I sup f y w y dyŽ . Ž .H
  0˜Ž . Ž . Ž .H f y dyQ t , t0, f  , f 0 1t

 sup f y w y dy I*.Ž . Ž .H
0fS
˜ ˜Ž . Ž . Ž . Ž .Conversely, if f S, set f t  f 0 for every t 0 and f t  f t for
˜ 	 tŽ . Ž .every t 0. Since Q t  log e , we have that, for every t 0,
˜Ž .Q t t, and thus, for t 0,
 
 ˜ ˜ ˜ ˜f s ds f 0 t 	 f s dsQ t 	Q 1  2Q t .Ž . Ž . Ž . Ž . Ž . Ž . Ž .H H
t 0
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˜Consequently the function f2 belongs to the set under the second
Ž .supreme in 8 , and, therefore,
˜  f yŽ . f y w y dy 2 w y dy 2 I.Ž . Ž . Ž .H H 20 0
Hence, I* 2 I.
˜Ž .Ž .For the second step, let us consider m Q y to be the greatestconv
˜Ž .convex minorant of Q y . Then, one can easily see that there exists a
decreasing function n and a positive constant c such that˜d Q

˜9 m Q y  c 	 n .Ž . Ž .Ž . ˜ Hconv Q d
y
From this and the previous lemma we obtain the following one.
Ž .LEMMA 2.6 Step 2 . Let c  0 and n be as aboe. LetQ˜ d
 
 H f ; f y dy c 	 n , t 0, f  1 .Ž . ˜H H Q d½ 5
t t
Then,

I sup f y w y dy .Ž . Ž .H
0fH
Proof. Let us denote by I the right-hand side of the above equivalence.
 ˜ ˜Ž .Ž . Ž .Since m Q t Q t , we have, by the previous lemma, that I I.conv
 ˜Ž .Conversely, let f be a decreasing function such that H fQ t . Then,t
  ˜Ž .Ž .since H f is convex, we obtain that H fm Q t , and the resultt t conv
follows.
Due to the above results, we are now interested in characterizing the
supreme

I sup f y w y dy ,Ž . Ž .H
0fH
where H is defined as above.
Ž .LEMMA 2.7 Step 3 . We hae that
r1 cQ˜ I sup min , 1 w y dyŽ .Hž /ž2 r 0r0
1
	min 1, n y w y dy .Ž . Ž .H dž / /n 0Ž . 0d
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Moreoer, if w is an increasing function, then

  I c w 	 w y n y dy ,Ž . Ž .˜  HQ d
0
Ž . Žand, hence, if n 0  , the aboe inequality is, in fact, an equialence. Ifd
.n  0, then the last term in the first inequality is zero.d
Proof. We have that the function
1 c 1Q˜
f  min , 1  	min 1, nr Ž0 , r . dž / ž /ž /2 r n 0Ž .d
belongs to the set H, and therefore

I sup f y w y dyŽ . Ž .H r
0r0
r1 cQ˜  sup min , 1 w y dyŽ .Hž /ž2 r 0r0
1
	min 1, n y w y dy .Ž . Ž .H dž / /n 0Ž . 0d
For the second part of the proposition, let us recall the distribution
Ž  . Ž . Ž .formula for an increasing function see 4 : If f  and s f , y  1 y ,h
Ž . Ž .with h t  f 1t , then
  
f y  y dy  dy .Ž . Ž .H H Hž /Ž .0 0 s f , y
Therefore,
    w I sup f dy sup f dyH H H Hž / ž / Ž . Ž .0 s w , y 0 s w , yfH fH
  w  c 	 n dy˜H HQ dž /Ž .0 s w , y

   c w 	 w y n y dy .Ž . Ž .˜  HQ d
0
Finally, since w is an increasing function, one can easily see that
 r   Ž . Ž .c w  sup min c r, 1 H w y dy, and we get the result.˜ ˜Q r 0 Q 0
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The last step is to try to replace the function w in the definition of I
with an increasing function to have the equivalence stated in Lemma 2.7.
Ž .LEMMA 2.8 Step 4 . Let H be as in Lemma 2.6 and let  be a positie
Ž . Ž . Ž .locally integrable function. Set  s  s  s . Then0 1, .

sup f s  s2 dsŽ . Ž . Ž .H 0 inc
0fH

˜max 2, 1	m Q 1 sup f s  s ds.Ž . Ž . Ž .Ž . HŽ .conv
0fH
Ž Ž . .If , in addition, lim V t t  , we also hae that
t0
 
sup f s  s ds sup f s  s ds.Ž . Ž . Ž . Ž .H H inc
0 0fH fH
Proof. To prove the first inequality, we observe that, for every fH,
 
1 f s  s2 ds f ,Ž . Ž . Ž .H H0 02 inc
0 0
where
 s if s EŽ .0
 V aŽ . s  0 jŽ .0 if s a , b ,Ž .j j aj
	 Ž Ž ..  with   E  a , b , and now 0, 1  E. Then a  1 for every j,j j j j
and hence
 V aŽ . b0 j jf  f 	 fÝH H H0 0 a0 E aj jj
 1 bj  f 	 f   g ,ÝH H HE Ž0 , a .jž /a1 a 0j jj
ŽŽ . bj .where g f	Ý 1a H f  .j j a Ž0, a .j j
Obviously, g is a decreasing function,
H f a0 ˜   g  f 	  1	 c 	 n  1	m Q 1 ,Ž .Ž .˜  HQ d conva 10
and
  1 bjg f	 f a  t  2 f .Ž .ÝH H H Hj 	ž /at t a tj jj
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˜Ž Ž .Ž ..Therefore, the function gmax 2, 1	m Q 1 H, and the re-conv
sult follows.
tŽ .To prove the second inequality, let V t  H  , and let  such that0
tŽ .Ž .M V t  H  . Then, by Lemma 2.2, the function  satisfiesqconv 0 inc
t t t1  s2 ds  s ds  s ds,Ž . Ž . Ž .H H Hinc inc2
0 0 0
and, therefore, if fH and hence f is a decreasing function, we obtain
that
  Ž . Ž . y  yf ff   dy  dyH H H H Hž / ž /0 0 0 0 0
 Ž . yf  dy f ,H H Hinc incž /0 0 0
and the second inequality holds.
As a consequence of the previous results, we obtain the estimate for I
we are looking for.
Ž . Ž . THEOREM 2.9. Let c and n be as in 9 , and let w  w  .Q˜ d 0 Ž1, .
Then
r 
H w y dy 1Ž .1 c sup 	min 1, n y w y2 dyŽ . Ž . Ž .Ž .˜ H 0 incQ dž /r n 0Ž . 0r1 d
˜max 2, 1	m Q 1 I.Ž .Ž .Ž .conv
y Ž .If we also hae that if limy 0 H w y  , then0
r 
H w y dyŽ .0 I c sup 	 n y w y dy .Ž . Ž . Ž .˜ H incQ dr 0r0
Proof. We shall only prove the first inequality, since the second one
follows with the obvious changes. By the previous lemmas, we have that

 ˜max 2, 1	m Q 1 I sup f s w s2 ds,Ž . Ž . Ž . Ž .Ž .Ž . HŽ . 0 incconv
0fH
ŽŽ . . Ž .and by Lemma 2.7 applied to the function w 2 , we obtain that0 inc
˜max 2, 1	m Q 1 IŽ .Ž .Ž .conv
1
   c w 	min 1, n y w y2 dy ,Ž . Ž . Ž . Ž .Ž . Ž .˜  H0 0inc incQ dž /n 0Ž . 0d
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but since
H r w y dy H r w y dyŽ . Ž . Ž .00 1 w  sup  sup ,Ž .Ž . 0 inc r rr0 r1
we get the result.
Estimation for II. As in case I, we have that

II sup s y w y dyŽ . Ž .H
1t ˜Ž . Ž .H sQ t , s y y0

z z z sup s e w e e dzŽ . Ž .H
0log t z z z z˜Ž . Ž . Ž .H s e e dzQ t , s e e 

	 sup f z w z dzŽ . Ž .H
0t ˜ Ž .H fQ	 t , f  , t

	 sup f z w z dz ,Ž . Ž .H
0t 	˜ Ž .H fQ t , f 0
and the following lemma can be easily proved.
LEMMA 2.10. We hae that

	II sup s y w y dy ,Ž . Ž .H
0t 	˜Ž . Ž .Ž . Ž .H s y dym Q t , s y 0 qconv
˜	 ˜	Ž .Ž . Ž Ž . .where m Q t  t inf Q s s is the greatest quasi-conex mi-qconv t s
˜	norant of Q .
Using this and Lemma 2.2, we obtain the following result:
˜	Ž .PROPOSITION 2.11. Let us assume that m Q is a continuousqconv
Ž .function and let n be the increasing function gien by Lemma 2.2 such thati
t t1 	˜n s2 dsm Q t  n s ds.Ž . Ž . Ž .Ž .H Hi qconv i2
0 0
Then

	n y2 w y dy II,Ž . Ž .H i
0
and if w	 is a decreasing function, then

	II n y w y dy .Ž . Ž .H i
0
˜	  	Ž . Ž .Moreoer, if Q satisfies the 
 condition, then H n y w y dy II.2 0 i
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Proof. The proof of the first part is obvious. To prove the second part,
we observe that

	II sup s y w y dy II.Ž . Ž .H
t t 0Ž . Ž . Ž .H s y dyH n s ds , s y 0 0 i
Now, II is easy to identify, since, using the distribution formula for
decreasing functions, we have that
 	Ž . ywII sup s dyH Hž /
t t 0 0Ž . Ž . Ž .H s y dyH n s ds , s y 0 0 i
 Ž .	 yw 	 n dy n y w y dy ,Ž . Ž .H H Hi iž /0 0 0
 Ž . 	Ž .and obviously II H n y w y dy.0 i
˜	 ˜	Ž .If Q satisfies 
 , it also satisfies m Q , and, by Lemma 2.2,2 qconv
	 t˜Ž .m Q  H n , from which the last part of the proposition follows.qconv 0 i
We also have the following lower estimates:
Ž .PROPOSITION 2.12. i
˜	 Q sŽ . 	II sup inf w y dy .Ž .Hž /ssr rr0
Ž . 	Ž . Ž .ii If  is such that w y  y is a decreasing function, then
	 rw rŽ .
II sup sup s y  y dy .Ž . Ž .Hž / rŽ . 0t 	r0 ˜ Ž .H sQ t ; s0
t ˜	 Ž .4Proof. Let   s; H sQ t . Then,Q˜ 0
Ž .i
 
	 	II sup sup s y w y dy sup sup s r w y dyŽ . Ž . Ž . Ž .H H
r rr0 r0	s s˜ ˜Q Q
˜	r  1 m Q rŽ .Ž .qconv	 	 sup sup s w y dy sup w y dyŽ . Ž .H H Hž / r r0 r rr0 r0	s Q˜
˜	 Q sŽ . 	 sup inf w y dy .Ž .Hž /ssr rr0
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Ž . 	Ž . Ž .ii If w y  y is a decreasing function, then
r 	w rŽ .
II sup sup s y  y dyŽ . Ž .Hž /  rŽ .0r0	s Q˜
	 rw rŽ .
 sup sup s y  y dy .Ž . Ž .Hž / rŽ . 0r0 	s Q˜
PROPOSITION 2.13.
˜	 m Q zŽ .Ž .qconv 	II inf w y dy .Ž .H ž /z yzy0
Proof. It follows from the fact that if s is increasing and H t s0
˜	Ž .Ž .m Q z , thenqconv
˜	z1 m Q zŽ .Ž .qconv
s y  inf s t dt .Ž . Ž .Hz y z yzy y
From Theorem 2.9 and Propositions 2.11 and 2.12, we can give the
Ž Ž ..following lower estimate for A defined in 6 :
˜	Ž .THEOREM 2.14. Let us assume that m Q is continuous. Then,qconv
c H r wQ˜ 1
sup˜ rmax 2, 1	m Q 1Ž .Ž . r1Ž .conv
1min 1, Ž .Ž .n 0d 	 n y w y2 dyŽ . Ž . Ž .Ž .H 0 incd˜max 2, 1	m Q 1 0Ž .Ž .Ž .conv
˜	  Q sŽ . 	 		 sup inf w 	 n z2 w y dy A ,Ž . Ž .H H iž /ssr r 0r0
Ž .where c and n are as in 9 and n is as in Proposition 2.11.Q˜ d i
3. AVERAGING TYPE OPERATORS
Ž .In this section Q is a modular function such that 7 holds, c and nQ˜ d
Ž .are as in 9 , and n is as in Proposition 2.11.i
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The main result of this paper can then be formulated as follows:
THEOREM 3.1. Let T be an aeraging-type operator. Then the following
inequalities hold:
c H1 e y dyŽ .Q˜ r T f
1 supŽ . ˜ log 1rŽ .max 2, 1	m Q 1Ž .Ž . r1eŽ .conv
  Q 2 f x d x .Ž . Ž .Ž .H
M
1 e
min 1, 1n 0 H  z dzŽ . Ž .Ž .d r T f
2  y sup dyŽ . Ž .H nd˜ log 1rŽ .2  Ž y .max 2, 1	m Q 1 0Ž . nŽ .Ž . dconv re
  Q 2 f x d x .Ž . Ž .Ž .H
M
˜ Q sŽ .
  3 sup inf  y dy Q 2 f x d x .Ž . Ž . Ž . Ž .Ž .H HT fž /log ssr r Mr1
˜	 1m Ž y .Ž . Ž . Ž . Ž .i4 If m Q is continuous and s y  e with m s qconv i i
Ž Ž ..n 1 2 s , theni
 
   z dz dy Q 2 f x d x .Ž . Ž . Ž .Ž .H H HT fž /Ž .0 s y Mi
log r
 y  5 sup r n y2 e dy Q 2 f x d x .Ž . Ž . Ž . Ž . Ž .Ž .H HT f i
0 Mr1
Q˜ tŽ .
  6 sup r sup inf r s  Q 2 f x d x .Ž . Ž . Ž . Ž . Ž .Ž .H	T f ž /ž /log tts Mr1 s1
Proof. Let us denote by
   Tf  sup P Tf x d xŽ . Ž .Ž .H
MPI 
Q
Ž .the left-hand side of 4 . Then,

 Tf  sup p y  y dyŽ . Ž .H T f
0t ˜Ž Ž . . Ž .H p y y dyQ t , P0

 sup s y y y dy ,Ž . Ž .Ž .H T f
0t ˜Ž . Ž . Ž .H s y dyQ t , s y y0
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Ž .  Ž .and the result now follows from Theorem 2.14 with w y  y y andT f
the following facts:
Ž .1 Simple changes of variable show that
H r w H1 e y dyŽ .1 r T f
sup  sup .
r log 1rŽ .r1 r1e
Ž .2 Since n is decreasing,d

n y w y2 dyŽ . Ž . Ž .Ž .H 0 incd
0
 Ž . yn d w t2 dt dyŽ . Ž .Ž .H H 0 incž /0 0
 Ž . yn d w t2 dt dyŽ . Ž .Ž .H H 0
0 0

s H w1  y sup dy ,Ž .H nd ž /s0 Ž .s2 ynd
and a simple change of variable gives us the second estimate.
Ž .3 It follows from the third term in Theorem 2.14 and a simple
change of variable.
Ž .4 Using the distribution formula for increasing functions, we have
that
 
	 	n z2 w y dy w z dz dy ,Ž . Ž . Ž .H H Hi ž /Ž .0 0 1 ymi
and the result follows from the fourth term in Theorem 2.14.
Ž . Ž . 	Ž . y5 and 6 Since w y e is decreasing, these estimates follow
Ž .from Proposition 2.12 ii and the corresponding lower estimates for
log r ysup f y e dy .Ž .Hž /0t 	˜ Ž .f  , H fQ t0
˜ 	Ž . Ž . Ž .Since we are assuming Q s  log s , we obtain, from Theorem 3.1 3 ,
  Ž  .the following Yano-type result 10, 11 see also 2 :
COROLLARY 3.2. If T is an aeraging-type operator,

 	    y dy f x log f x d x ,Ž . Ž . Ž . Ž .H HT f
1 M
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 Ž .  	 Ž .  Ž .and, in particular, for eery f such that H f x log f x d x  , TfM
1Ž . Ž .L  	 L  .
Ž . Ž 	 .An interesting case is when Q t  t 1	 log t , since one can easily
˜	Ž .Ž .see that c  1, n  0, m Q z  z, and hence n  1. With thisQ˜ d conv i
information, we obtain from Propositions 2.11 and 2.13 that

II  y dy ,Ž .H T f
1
and from Theorem 2.9,
H1 e y dyŽ .r T f
I sup ,
log 1rŽ .r1e
and, therefore, we have a complete identification of A, and we can
conclude the following:
COROLLARY 3.3. If T is an aeraging-type operator,
H  y dyŽ .1 r T f 	   sup  f x 1	 log f x d x .Ž . Ž . Ž .Ž .H	1	 log r Mr0
Ž .COROLLARY 3.4. Let T be an aeraging-type operator such that T  f 
 Ž . Ž 	 Ž . . Ž .Tf. If f is such that H f x 1	 log f x d x  , thenM
H1 y dyŽ .s T f
 lim  f x d x .Ž . Ž .Hs0  log s M
Proof. We have by Corollary 3.3 that
H1 y dyŽ .s T f 	   lim  f x 1	 log f x d x ,Ž . Ž . Ž .Ž .Hs0  log s M
 4and applying this estimate to the collection of functions  f , we obtain 0
that
H1 y dyŽ .s T f
lims0  log s
  	    inf f x log  f x 	 1 d x  f x d x .Ž . Ž . Ž . Ž . Ž .Ž .H H
0 M M
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